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Abstract 

We construct families of SO (3)-symmetric charge 1 instantons and 
calorons on the space H 3 x R. We show how the calorons include 
instantons and hyperbolic monopoles as limiting cases. We show how 
Euclidean calorons are the flat space limit of this family. 



1 Introduction 

Calorons are instantons on K 3 x S 1 . It has been known for some time that 
they are related both to instantons on M 4 and BPS monopoles on K 3 . For 
example, the large period limits of calorons are normally instantons [6], while 
the large scale limit of a charge 1 caloron is a charge 1 monopole |15j . 

It is interesting to study monopoles on hyperbolic space HI 3 , [TJ p2] [2]- 
These "hyperbolic monopoles" are related to their Euclidean counterparts, 
because one can recover Euclidean monopoles in the limit where the curvature 
of hyperbolic space tends to zero [Hj. Hyperbolic monopoles where first con- 
structed by means of a conformal equivalence pQ [3J: since M 4 is conformally 
equivalent H 3 x S 1 , hyperbolic monopoles can be obtained from instantons 
invariant under an action of U(l). Hyperbolic monopoles constructed in this 
way have the property that the asymptotic norm of their Higgs field is always 
an integer, and are sometimes called "integral" for this reason. Non-integral 
hyperbolic monopoles were constructed later by different means 
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The conformal equivalence used to construct integral hyperbolic monopoles 
has also been used to construct hyperbolic calorons, that is, instantons on 
I 3 x S 1 jlj. Hyperbolic calorons constructed in this way have the property 
that their period (the circumference of S 1 ) is proportional to the radius of 
curvature of the hyperbolic space. This property is the analogue of the inte- 
gral property which arises when hyperbolic monopoles are constructed from 
Euclidean instantons. The purpose of this article is to show the existence 
of hyperbolic calorons which do not have this integral property. We will 
give explicit examples of charge 1 calorons with arbitrary period on hyper- 
bolic spaces with arbitrary curvature. We will show that these are related 
to Euclidean calorons and hyperbolic monopoles in the ways that one might 
expect; we will also show that they have a well-defined large period limit, 
which is an instanton on H 3 x R. 

We will now briefly outline the content of the remainder of this article. 
In section |2j we will give precise definitions for hyperbolic instantons and 
calorons. In section [3j we will outline two simple methods that can be used 
to construct them. In section H] we will give explicit examples of hyperbolic 
calorons and instantons, and in section we will explore some of their prop- 
erties. We will conclude with some brief remarks in section [6j 

2 Hyperbolic calorons and instantons 

Let (x 1 ,^ 2 ,^ 3 ) be coordinates on the hyperbolic ball H 3 and let 

R = ^(x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 

be the radial coordinate, with < R < S for some fixed 5* (S will determine 
the scalar curvature of H 3 ). Let r = x° be a coordinate on S 1 , with period 
(3. The metric on H 3 x S 1 is 

ds 2 H = dr 2 + A 2 (dR 2 + R 2 dtl 2 ), 

where A := (1 — (R/S) 2 )^ 1 and dTt 2 represents the metric on the 2-sphere. 
It will also be convenient to introduce a coordinate /i = (5/2)arctanh(i2/5) 
and a complex coordinate z — fi + ir. In terms of fi and r, the metric is 

ds 2 H = dr 2 + d/j 2 + E 2 dn 2 , 

with S := (S/2) sinh (2^/5). 

Let (y° , y l , y 2 , y 3 ) be standard coordinates on IR 4 , and let t = y° and 
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The metric on R 4 is 

ds 2 E = dt 2 + dr 2 + r 2 dQ 2 . 

We let Z = r + it be a complex coordinate. 

When f3 = Sty, H 3 x S 1 is conformally equivalent to R 4 \R 2 . We define a 
map from M 3 x S 1 to R 4 by the equation Z = tanh(z/5). Then it is simple 
to show that 

ds jj — ^ ds 

with £ = (S/2)(cosh(2/VS) + cos(2r/5)). 

Gauge fields on M = H 3 x S l or M 3 x R will be denoted A = A a dx a , 
with A a traceless anti-hermitian matrix-valued functions. The field strength 
tensor of a gauge field is F = (l/2)F au dx a Adx u , where F au = d a A u — d u A a + 
[A a , A u ]. The action of a gauge field on M is 

S = -l [ r Ti{F au F av ) E 2 dr dy. dtt 
8 Jm 

(dQ represents the volume form on the 2-sphere). 

Hyperbolic calorons are defined to be gauge fields on H 3 x S 1 , whose 
curvature satisfies the self-dual equations, 

F oi = 2\ e ijkFjk (1) 

and whose action is finite, with Ti(F aL/ F au ) —>■ as \i — > oo. Similarly, 
hyperbolic instantons are self-dual gauge fields on H 3 x 1 with finite action 
and with Tr (F av F au ) -> as /i 2 + r 2 -> oo. 

Finite action gauge fields on M = M 3 x S 1 or H 3 x R have a charge, 

The action is bounded from below by the charge, S > 27r 2 |W^|. Instantons 
and calorons attain this bound and have W > 0, since they solve (CD). For 
instantons, W is an integer. This follows from usual argument: the gauge 
field extends to the manifold S 3 at infinity, and since the curvature is zero 
there, the gauge field is zero up to a gauge transformation g : S 3 — > SU(2). 
The map g has integer degree, which is computed by W. The situation for 
calorons is a bit more complicated. A caloron is characterised by two integer 
topological charges, called the instanton charge (or Pontryagin index) and 
the magnetic charge, and a boundary condition, called the holonomy [5]. 
The integral W is equal to a combination of these three quantities, and is 
not necessarily an integer. However, the calorons we consider here will have 
zero magnetic charge and trivial holonomy, and in this case W will be an 
integer. 
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3 Construction 



As we have seen, the metric ds 2 H on H 3 x S 1 is locally conformally equivalent 
to the metric ds 2 E on IR 4 . It is well known that the action of the Hodge 
star operator on 2-forms on IR 4 is invariant under conformal rescalings of 
the metric. Therefore the the self-dual equations on H 3 x S 1 are locally 
the same as the self-dual equations on IR 4 . There are a number of methods 
available for constructing self-dual gauge fields on R 4 , and all of these can be 
applied directly on H 3 x S 1 . In this section we will show how two well-known 
constructions for Euclidean instantons can be applied to give locally self-dual 
gauge fields on H 3 x 5 1 . We will show later that these methods can in fact be 
used to generate finite action gauge fields, that is, hyperbolic calorons (and 
hyperbolic instantons). 



3.1 Harmonic function ansatz 

The first ansatz we shall consider is the harmonic function ansatz, due to 
Corrigan, Fairlie, and t'Hooft [3]. On Euclidean space, one supposes that 
the gauge field is written in the form, 

A = dj In ip{a j /2i) (2) 
Aj = (-d In <p 5ji + ejiA In <p)(a l /2i) 

for some function (p. Then the gauge field will be self dual when tp satisfies 
the Laplace equation, 

U E <p = 0, 

where D E = (d/dy a ) 2 is the (Euclidean) Laplacian. 

To use this ansatz on the metric ds 2 Hl we let p = (p/£ and change coor- 
dinates in the above expressions. The resulting ansatz for the gauge field 
is 

A = ^lnp(g) (3) 

a 1 



A, = | -A^ln/K),, r ;//i [ d k \np + ^x k \ \ ( ) . (!) 



This will be self-dual if p satisfies the equation 

4 

S 

where is the Laplace-Beltrami operator for the metric ds 2 H 



U hP = ~7^P (5) 



d \ 2 1 / d \ 2 2 ,9 



D// " ' 8r J X 2 \ <)x' ) + XS 1 ''' <).,■' ' 
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3.2 50(3)-symmetric ansatz 

The second ansatz we shall consider is due to Witten [16J. Witten simplified 
the problem of finding Euclidean instantons by restricting attention to gauge 
fields invariant under an action of £0(3); he was able to solve the reduced 
self-duality equations exactly, yielding a large family of instantons. 

Interestingly, the SO (3 )-invariant instantons turned out to be related to 
a two-dimensional vortices. The components of the SO (3 )-invariant gauge 
were interpreted as a U(l) gauge field and a 2-component Higgs field, and 
the action of the 4-dimensional gauge field was identical to that of a vortex 
model on 2-dimensional hyperbolic space. Configurations in the vortex model 
had a topological charge, and this was equal to the topological charge of the 
corresponding 4-dimensional gauge theory. 

Witten's method is also applicable to self-dual gauge fields on H 3 x S 1 
and H 3 x M, because the SO (3) action pulls back to these manifolds. We will 
see that the dimensionally-reduced equations of motion are solvable using 
an adaptation of Witten's method. As in the Euclidean case, hyperbolic 
instantons will be related to a 2-dimensional vortex model, but this time 
the underlying 2-manifold will not be hyperbolic space. In this section, our 
notation will closely follow that of [9J 

We make the following 5'0(3)-symmetric ansatz for a gauge field on H 3 x 



where Q = x a a a /R, a = a^dfi+drdr, and 0i, 02, <V, anc ^ a r are rea l functions 
of /i and r. 

We let = 0i — 202 be a Higgs field, and let D^cf) = <9 M + m M and 
_D r = <9 T + ia T (f) denote the components of its covariant derivative with 
respect to the gauge field a. We will also write Dcf) = D^dfi + D T (f>dr and 
D s = (-D M + iD T )/2. Then the self-dual equations (CD) for A can be succinctly 
written, 



S 1 or H 3 x R: 




(6) 



S 2 (<9 r a M - d^a T ) 







(7) 



1-|0| 2 . 
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The action of the gauge field A is equal to 



S 




( 



1-I0I 2 



+ 2|£> M 0| 2 + 2|£> T 0| 2 drdfjt. 



(9) 
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This is the action of a vortex model on the 2-manifold M. coordinatised by 
\i and r, with metric 

ds\ = H~ 2 (cfyi 2 + dr 2 ). 

In the case of hyperbolic instantons {(3 = oo), the manifold M. is a universal 
cover of the hyperbolic disc with a point removed. 

Vortex configurations on M. posess a topological charge, k, given by 

1 f 

k = / da, 

2n J 

A standard Bogomolny argument shows that 27r 2 /c forms a lower bound for 
the action ([91) within the set of vortex configurations with charge k > 0; the 
equations (171), (JED are precisely the equations which guarantee the bound is 
attained. It follows that k = W for self-dual gauge fields. 

We note that the ansatz does not fix the gauge; one is free to make 
gauge transformations of the form g = exp(XQ/2) for some real function 
A(/i,r). These gauge transformations correspond to U(l) gauge transforma- 
tions in the vortex model. 

The solution of the self-dual equations (J7J), (jHJ) is relatively simple. One 
first needs to choose a meromorphic function g(z) satisfying \g\ 2 < 1, with 
equality when \x = 0, and a non-zero holomorphic function h(z). Then a 
self-dual gauge field is obtained from 

= e^hd z g (10) 

CV = -d T 1p (11) 

a T = 8^ (12) 
if; = ln(2H)-ln(l-|^| 2 )-ln|/i|. (13) 

The function h can be removed by gauge transformation (h is included here 
for later convenience). The derivation of these solutions is similar to that 
given by Witten in the Euclidean case. 



3.3 Equivalence 

After the discoveries of the S'0(3)-symmetric ansatz and the harmonic func- 
tion ansatz for Euclidean instantons, Manton showed that the latter encom- 
passes the former [IT] . More specifically, all self-dual gauge fields obtained 
via Witten's ansatz can also be expressed in the harmonic function form (|2l) . 
A similar result holds for the two hyperbolic ansatze discussed above. 

Suppose that a hyperbolic gauge field is given by (jSJ) and ifTOl -flTSl in 
terms of a meromorphic function g. Then the gauge h can be chosen so that 
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the gauge field is in the form ©, Q, with 



P 




(14) 



satisfying (j^J). This result can be derived by following the method of Manton. 

4 Examples 

We will now give examples of hyperbolic calorons and instantons, using the 
SO (3)-symmetric ansatz (jBJ). 

4.1 Charge 1 instanton 

A charge 1 instanton is obtained from f)10p - (|T5|) when 



where A > is a real parameter. 

To verify that this gauge field is an instanton, one must check that the 
action is finite. This has been done directly, by computing all of the terms 
in the action © and verifying that their integrals converge. The charge of 
the instanton was computed using methods from chapter II of [7]. 

4.2 Charge k instanton 

Consider the function, 



with Aj complex parameters with positive real part. It is believed that when 
g(z) = gk(z) the gauge field is a charge k instanton. Certainly, gk(z) agrees 
with gi when k = 1, and the Higgs field has k zeros when g = gu- Normally 
the charge of a vortex configuration is equal to the number of zeros of the 
Higgs field. Numerical results suggest that the action of the gauge field is 
finite and proportional to k, however, we have not yet proved this analytically. 



g(z) = gi(z) := exp 



2z\ / A - 2z/S 
~Sj \X + 2z/S 



) 
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4.3 Charge 1 caloron 



The following function is a special case of g% with k = oo: 



9eo (z) :=exp(-|) Bm H 



2z\ \ + 2jf3i/S-2z/S 

. X-2jf3i/S + 2z/S'' 



where A and (3 are positive real parameters. The infinite product in g^z) 
converges uniformly on any compact set, after singular terms have been re- 
moved, and the limit has the following closed form: 

-A- X + 2jf3i/S -2z/S _ smh{{z-S\/2)Tr/P) 
fe™ 11 A-2j/3i/S + 2z/,S ~ sinh((z + S\/2)ir//3)' 

The gauge choice ft, = exp(22r/5') makes the gauge field obtained from (700 
explicitly periodic, with period (3. This gauge field is in fact a hyperbolic 
caloron with finite action and charge 1, as has been verified analytically. 

We mentioned in the introduction that integral hyperbolic calorons (with 
(3 = Sn) can be obtained directly from Euclidean instantons. For example, 
a charge 1 instanton in the form (j2J), with 



(p = l + 



a 2 



r 2 + 1 2 



is also a charge 1 integral hyperbolic caloron. One can also obtain charge 
1 integral hyperbolic calorons from simply by setting (3 = Sir. In 
fact these two sets of integral hyperbolic caloron are identical; if one takes 
a 2 = tanh(A/2) then the two calorons are related by a gauge transforma- 
tion. Therefore, the hyperbolic calorons obtained from sensible 
generalisation of the known integral charge 1 calorons. 



5 Properties 

The non-integral charge 1 hyperbolic calorons we have constructed are de- 
termined by three parameters, S, (3 and A, which determine the curvature of 
the hyperbolic space, the period of the caloron, and the shape of the caloron. 
By taking limits of these parameters we are able to relate the hyperbolic 
calorons to Euclidean calorons, hyperbolic instantons, and non-integral hy- 
perbolic monopoles. 
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5.1 Zero curvature limit 

When S — > oo, the hyperbolic metric ds 2 H converges to the Euclidean metric 
ds 2 E if one makes the identifications r — t, \i — r. Charge 1 calorons were 
first constructed on Euclidean space by Harrington and Shepard [6] using the 
ansatz ([2]), with 

txv 2 sinh(27rr//3) 
lf ~ + pr cosh(27rr//3) - cos(2vrt//3) 

Here v > is a real parameter and f3 determines the period of the caloron. 
We will show here that Euclidean 1-calorons are obtained from hyperbolic 
1-calorons by taking a limit where S — > oo. 

The zeros of the Higgs field obtained from (1101) when g = g^ are located 
at the points (/i, r) determined by 

r = n(3 ,fiGZ 

cosh^j = cosh^j+-smh^j. 

In order that these points remain finite as S — > oo, we must also let A — > 
such that \S 2 remains finite. In the gauge h = (S/2) exp (2z/S), the 
functions 0, a^, a T converge pointwise. In fact, it can be shown that their 
limit describes a Euclidean 1-caloron, with 

2 1- 
V = llHl . 

S^oo 2 

5.2 Instanton limit 

In the limit /3 — > oo, the function goo(z) converges pointwise to gi(z), so 
one might expect the hyperbolic caloron gauge field to converge to a hyper- 
bolic instanton gauge field in this limit. This can be verified directly, using 
expressions derived from ([T0]) - (fT3]) . 

5.3 Monopole limit 

Non- integral hyperbolic monopoles were constructed in [12]. In the formalism 
of this report, the monopoles are obtained from fTiT?|) - ffTS|) . with 

g(z) = <7Af(z) := exp 

B > 1 is a positive real parameter and the asymptotic norm of the Higgs 
field of the monopole is equal to B — 1. 
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Hyperbolic calorons have a well-defined limit as A — ► oo. One can show 
that this limit is gauge equivalent to a hyperbolic monopole, with 



6 Conclusion 



We have investigated the notion of non-integral hyperbolic calorons by con- 
structing explicit examples. These generalise integral hyperbolic calorons in 
the same way that non-integral hyperbolic monopoles generalise integral hy- 
perbolic monopoles. Like Euclidean 1-calorons, hyperbolic 1-calorons have 
a monopole limit. The non- integral property also makes it possible to ob- 
tain a large period limit, which we have called a hyperbolic instanton. The 
zero curvature limits of our hyperbolic calorons are Euclidean calorons. In 
the case of hyperbolic monopoles, the zero curvature limit is always a Eu- 
clidean monopole [H], but it is not yet known whether a hyperbolic caloron 
is guaranteed to have a zero curvature limit. 

The examples we have given are all rotationally symmetric, but this need 
not be the case; probably more general examples can be found using the 
harmonic function ansatz ([3]), (jlj). It is not clear whether hyperbolic calorons 
exist with non-trivial asymptotic holonomy, and a more complete account of 
hyperbolic calorons would address this issue. Examples of Euclidean calorons 
with non-trivial holonomy are known [TU1 [S] , but their construction depends 
on more sophisticated techniques than those presented here. 

The study of hyperbolic monopoles, both integral and non-integral, has 
yielded many interesting results. For example, hyperbolic monopoles are 
determined completely by their behaviour on the 2-sphere at infinity [13] . It 
would be interesting to see whether this, or other properties of hyperbolic 
monopoles, have analogues for hyperbolic calorons. 
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